We describe attosecond chronoscopy of photo-ionisation in the presence of a vortex beam. In a pump-probe setup, an extreme ultraviolet or an X-ray pump pulse triggers ionisation, which is probed by a synchronized infrared pulse with non-zero orbital angular momentum. We show how this property of the probe pulse affects the electron dynamics upon ionisation, in a way that is universal and independent of the initial and final angular momentum states of the ionising system.
In the pioneering work, Allen and co-workers have demonstrated the importance of the orbital angular momentum (OAM) of a light beam, along with its spin angular momentum [1] . The OAM of light is related to the spatial profile of the light beam and is characterised by the topological charge l, whereas the spin angular momentum is related to the polarisation properties of light. Since its first demonstration, the OAM of light has found numerous macroscopic applications in different fields [2] [3] [4] including quantum information processing [5] , optical interferometry [6] , chiral recognition in molecules [7] , manipulation of nanoparticles [8] and in quantum gases [9, 10] . While it is relatively straightforward to generate beams with non-zero orbital angular momentum in the infrared (IR) and visible range, similar technology is much more difficult in the extreme ultraviolet (XUV) and X-ray range. This has stimulated recent works on using high-harmonic generation to up-convert OAM beams from the IR to the XUV and soft X-ray energy range [11] [12] [13] [14] [15] [16] [17] [18] [19] . An elegant non-collinear scheme has been employed to generate linearly polarised twisted light beams with relatively low OAM [20] [21] [22] via high-harmonic generation. These breakthroughs have opened a door to synthesising coherent attosecond XUV and X-ray pulses with desirable OAM properties, adding an additional knob to the attosecond light generation toolbox.
It may appear that, apart from the space-dependent amplitude and phase modulation, the macroscopic OAM properties of an IR or visible light beam will hardly manifest at the single-atom, microscopic level due to the difference in the spatial scales. As long as the dipole approximation dominates the atomic response, each atom sees a local field at a given spatial position inside the OAM beam. However, this general impression is not always accurate, as shown in particular in [23] , using a Bose-Einstein condensate with naturally delocalised centre-of-mass atomic wavefunction. Here we analyse an alternative possibility and show how the the topological charge of an incident OAM IR beam can be encoded via attosecond chronoscopy of photoionisation [24] by a pair of time-synchronised X-ray pump and IR probe.
In our proposed scheme, an attosecond X-ray pump pulse ionises atoms (shown in blue colour in Figure 1 ). Ionisation occurs in the presence of a twisted IR probe pulse (shown in pink). The short wavelength of the pump pulse allows one to focus it tightly into the centre of the OAM doughnut, where the amplitude and the phase structure of the twisted IR probe can be experienced by the photo-electron. In the following, we provide a general theory of time-resolved photoionisation, where both the pump and probe pulses can carry OAM. However, for our purpose, we limit the analysis to the case when the X-ray pump pulse has no OAM but the IR probe can carry OAM. The fact that the X-ray pump pulse does not have to carry OAM makes practical realisation of the proposed setup feasible with currently developing X-ray sources.
As shown by Picon and co-workers [25, 26] , when the phase and amplitude inhomogeneity of a twisted beam becomes important, the standard dipolar selection rules are no longer adequate. Exchange of angular momentum larger than one unit has been found during photoionisation [25, 26] and photoexcitation of valence electrons with twisted beams [23, 27] .
Attosecond time-delay in photoionization has been predicted to be sensitive to the magnetic sublevels of a spherically symmetric atom ionised by a twisted XUV beam [28] .
There is an important difference between all-optical setups, which detect light generated by matter interacting with OAM beams, and setups detecting photoelectrons. In the former case, the OAM properties of the incident light are recorded across a macroscopic sample and affect the measurement via coherent addition of the optical response from different parts of the interaction region. When measuring photoelectrons, OAM-sensitive signal arises when an atom is placed at the centre of the twisted beam, where amplitude and phase modulation is maximised (at the expense of low incident field intensity).
In the time-resolved photoionisation, within the pump-probe scenario, the pump pulse liberates an electron from the ground state |i with negative energy i . The electron is promoted to a continuum state |k with energy k . The photoelectron is probed by the twisted IR pulse, which induces a transition from a continuum state |k to another continuum state |k .
First, we write the two-photon transition amplitude corresponding to absorption of both one pump and one probe photons,
Here, the energy of the final continuum state is k = i + Ω + ω, where Ω and ω are the photon energies of the pump and IR probe pulses, respectively. The pump photon energy is larger than the ionisation potential of the atomic system.
The interaction Hamiltonian is
is the vector potential of the vortex pulse. It has the following form [26] A
Here, A 0 is the amplitude (including polarisation state), w 0 is the beam waist of the pulse, g(t) is the envelope of the pulse, k is a carrier wave vector, ω is carrier frequency and LG l,p is the Laguerre-Gaussian modes of the pulse, which contains the transverse spatial structure of the vortex pulse with l and p corresponding to the topological charge and the radial node of the LG mode, respectively.
The ground state wavefunction is written as a product of the radial and angular parts,
The final continuum state wavefunction is expressed in terms of the partial wave expansion as ϕ k (r) = (8π)
The phase η l is the scattering phase, i.e., the difference between the phase of the photoelectron ejected from the atom and that of a free-electron.
We substitute these expressions in the total two-photon amplitude Eq. (1), which reduces to the product of radial and angular parts
where A Ω and A ω are, respectively, the amplitudes of the vector potentials of the pump and probe pulses and T l,l ,l i is the radial part of the two-photon amplitude. The quantum numbers l i , l and l are the angular momenta of the initial ground, intermediate continuum are significantly different compared to the standard dipole selection rules [25, 26] . Here we assume that both pulses are linearly polarised along the quantisation axis z.
The radial part of the two-photon transition amplitude M
where H int (r) is the radial part of the interaction Hamiltonian. We use the standard asymptotic form of the radial continuum wavefunction,
where η l (k) is the scattering phase-shift. It can be written as η l (k) = σ l (k) + δ l (k) with σ l (k) = arg[Γ(l + 1 − iZ/k)] the Coulomb phase-shift and δ l (k) originating from the shortrange deviations of the ionic potential from a purely Coulombic form. In the asymptotic region, the phase of the continuum wavefunction also exhibits the standard logarithmic divergence characteristic for the Coulomb potential of the ionic core with charge Z.
We first compute the continuum-continuum (CC) transition amplitude, R k,l |H int (r)|R k ,l , and then substitute the result for R k,l |H int (r)|R k ,l into the energy integral of Eq. (4), to obtain the compact form of T l,l ,l i . One can show that the leading term for the CC transition amplitude is
In the calculations, when substituting the two continuum states, we have only retained the dominant term proportional to cos(k − k ) and ignored the term proportional to cos(k + k ).
Here, l 2 is the topological charge of the vortex IR pulse, ∆ = η l (k ) − η l (k) and ∆ = ∆ + π 2 (l − l ). Substituting Eq. (6) in Eq. (4) and performing the complex energy integral near the pole corresponding to the energy κ = κ 2 /2 = i + Ω yields the compact expression for T l,l ,l i
In the above equation, the amplitude and phase terms are separated. The first line contains bound-continuum one-photon transition amplitude, whereas the second line encodes the phase term of the CC transition amplitude whose strength is controlled by the exponential term.
After substituting the result of Eq. (7) in Eq. (3), the total two-photon transition amplitude reduces as
The total two-photon amplitude is complex in nature, which has real and imaginary parts.
The phase of the total amplitude in the asymptotic limit is
where, φ Ω and φ ω are the phases of the pump and probe pulses; respectively. Besides the trivial phase, there is another term Y l,m (k) which is due to angular momentum l of the intermediate state. The quantum phase associated with the CC transition is
Note that, φ cc originates from the absorption of the vortex IR pulse in the presence of the Coulomb potential Z. It is important to notice that the vortex nature of the IR pulse (|l 2 |) appears in the argument of the Gamma function, independently of the initial atomic state.
If one substitutes l 2 = 0, the expression of φ cc reduces to the known expression as reported in Eq. (22) in Ref. [29] . 
The CC time delay is the finite difference approximation for the derivative of φ cc with respect to 2ω in RABBITT. It can be seen that τ cc is universal and independent of the initial and final angular momenta states of the atom. Here, < = i + (2q − 1)ω + ω = κ 2 < /2 and > = i + (2q + 1)ω − ω = κ 2 > /2 are the energies of the two quantum paths. Figure 3 presents τ cc for different values of OAM of vortex IR pulse. In general, τ cc increases monotonically as a function of kinetic energy but remains negative: the photoelectron appears to be ahead compared to the electron moving in the absence of the core potential. In the relatively low kinetic energy regime, τ cc becomes more negative for larger value of OAM. The delays merge to a constant value as the kinetic energy increases.
In conclusion, we have developed the theory of time-resolved photoionisation induced by a vortex pulse carrying OAM. The main finding of this study is the impact of the OAM of the probe beam on photoionisation delays. As in a standard RABBITT setup, the total phase associated with the ionisation process is a sum of the two phases, the scattering phase associated with the bound-free transition induced by the pump pulse and the continuumcontinuum phase associated with the transition induced by the IR pulse. The continuumcontinuum phase depends parametrically on the OAM of the vortex pulse and on the charge of the remaining ionic core. The CC-phase is universal: it does not depends on the angular momentum states of the system and the short-range behaviour of the atomic potential. Our theory can also be used for other interferometric photo-ionisation measurement methods such as the attosecond streaking camera.
